Abstract. Let X be a complete metric space without isolated points, and let f : X → X be a continuous map. In this paper we prove that if f is transitive and has a periodic point of period p, then f has a scrambled set S = ∞ n=1 Cn consisting of transitive points such that each Cn is a synchronously proximal Cantor set, and
Introduction
Chaotic behavior is a manifestation of the complexity of nonlinear dynamical systems. There are several different definitions of chaos, which describe the complexity of dynamical systems in different aspects. A well-known definition of chaos is given by Li and Yorke [11] , whose main characteristic is the existence of uncountable scrambled sets. Another famous definition of chaos is given by Devaney [5] , whose characteristic is sensitive dependence on initial conditions with transitivity and density of periodic points. Sensitive dependence is widely understood as the central idea in Devaney's definition of chaos, but it is implied by transitivity and density of periodic points, see [2] .
Fu et al. [6] showed that if a shift map σ has a nonperiodic recurrent point x such that the closure O(x) of the orbit O(x) contains a periodic point, then the subshift σ| O(x) has an infinite scrambled set. Furthermore, Huang and Ye [9] proved that a transitive continuous map f from a compact metric space X to itself with a fixed point (or a periodic point) has an uncountable scrambled set B, and hence Devaney's chaos implies Li-Yorke's chaos.
In [9] , the way to prove the existence of the scrambled set B is to remove the asymptotic relation from the proximal relation on X (note that a relation on X is a subset of X × X), and to use Zorn's Lemma to show that if B is maximal, then B is uncountable.
Since the scrambled set B is not directly constructed, there are some problems which have not been answered in [9] . For example, it is not clear whether the scrambled set B in [9] contains 2 N points if the continuum hypothesis is shelved, and whether B is an s-scrambled set for some s > 0 if f is chaotic in the sense of Devaney. In order to obtain more information on scrambled sets of f , in this paper we will adopt a method of direct construction. Our main result is the following theorem.
Theorem 3.5. Let X be a complete metric space without isolated points, and let f : X → X be a transitive map that has a periodic point of period p . Then there exist Cantor sets
C n is a scrambled set of f , and
From Theorem 3.5 we see that, if X is a complete metric space without isolated points, and f : X → X is a chaotic map in the sense of Devaney, with a sensitivity constant 2s and a periodic point of period p , then f has an s-scrambled set S that is the union of countably many synchronously proximal Cantor sets and satisfies
Transitivity and sensitivity
In this paper we always assume that (X, d) is a complete metric space without isolated points, and f : X → X is a continuous map. 
f is said to be pointwise recurrent if all points in X are recurrent. f is said to be recurrent if lim inf n→∞ d 0 (f n , id X ) = 0, where id X is the identical map of X, and d 0 is the C 0 metric on the space C 0 (X, X) of continuous maps from X to X defined by
In [1] and [9] , stable points are called equicontinuous points, and recurrent maps are called uniformly rigid maps. Oversteegen and Tymchatyn [14] showed that all recurrent homeomorphisms on the Euclidean plane R 2 are periodic. Kolev and Pérouème [10] showed that a recurrent homeomorphism of a compact surface with negative Euler characteristic is also periodic. The following proposition was given by Glasner and Weiss [7] and was proved again in [1] and [9] . Proposition 2.1. If f has a stable transitive point, then f is recurrent. Proof. For any x ∈ X and any ε > 0, since v is a transitive point, there exist k ∈ N and δ > 0 such that 
Synchronously proximal sets and scrambled sets
Let f : X → X be a continuous map. Points x and y in X are said to be Huang and Ye [8] showed that there are compacta admitting homeomorphisms with the whole spaces being scrambled sets. In [12] and [13] , we showed that there exist real analytic homeomorphisms from the open cube (−π/2 , π/2) n (n ≥ 2) onto itself with the whole cube (−π/2 , π/2) n being a (π/2) -scrambled set, and there exist C ∞ -homeomorphisms from R onto R with the whole R being an ∞ -scrambled set, respectively. If f is recurrent, then lim sup
for any x, y ∈ X, which implies that any two different points in X are not asymptotic. Thus we have Proof. Since Y is compact, there exists a finite set
for any x ∈ V and any i ∈ {0, 1, · · · , k}.
Let m > k 0 be integers, let s be a positive number, and let 
be an arrangement of the elements in the set {(i, j) ∈ N 2 : 1 i < j a}. We first put m 1 = k + 1, and W i1 = V i (i = 1, · · · , a). Secondly, we can assume that there exist integers µ ∈ {1, · · · , β} and m µ > k and nonempty open sets 
If f is not sensitive, then we put
. By (2.j) and (5.j.1), no matter whether f is sensitive or not, we have
. Therefore, the conditions (1)−(8) are also true for n = j. By induction, Claim 2 holds.
We now put C n = ∞ j=n
V j i , for every n ∈ N. Since X is compact, by conditions (1)−(4), C n is a Cantor set in
• X 0 , and C 1 ⊂ C 2 ⊂ C 3 ⊂ · · · . By condition (7), every x ∈ C n is a transitive point, both of f p |X 0 and of f . By condition (6), C n is a synchronously proximal set, both of f p |X 0 and of f . Therefore, if f is 2s-sensitive, then it follows from condition (8) that C n is an sscrambled set of f . If f is not sensitive, then, by Corollary 2.3 and Proposition 3.1, C n is still a scrambled set of f . Write S = ∞ n=1 C n . Obviously, S is also a scrambled set of f , and is also an s-scrambled set of f if f is 2s-sensitive. From conditions (2), (4) and (5) we see that Y n ⊂ B(C n , 2/n). Thus Y ⊂ S , which implies that S is dense in X 0 , and hence , p−1 i=0 f i (S) is dense in X. Theorem 3.5 is proven.
From Theorem 3.5 we obtain at once Theorem 3.6. Let X be a complete metric space, and let f : X → X be a chaotic map in the sense of Devaney, with a sensitivity constant 2s and a periodic point of period p. Then f has an s-scrambled set S that is the union of countably many synchronously proximal Cantor sets, and satisfies
